We introduce rigid syntomic cohomology for strictly semistable log schemes over a complete discrete valuation ring of mixed characteristic (0, p). In case a good compactification exists, we compare this cohomology theory to Nekovář-Nizioł's crystalline syntomic cohomology of the generic fibre. The main ingredients are a modification of Große-Klönne's rigid Hyodo-Kato theory and a generalization of it for strictly semistable log schemes with boundary.
Introduction
In this article we construct rigid syntomic cohomology for strictly semistable log schemes, and compare it with crystalline syntomic cohomology in the case that there exists a good compactification.
Let K be a p-adic field and O K its ring of integers. In general terms, syntomic cohomology RΓ syn (X, r) is basically defined for semistable (log) schemes X over O K and integers r ∈ Z, as a p-adic analogue of the Deligne-Beilinson cohomology. An important application of syntomic cohomology is, at least conjecturally, the p-adic Beilinson conjecture. It states that the special values of p-adic L-functions are described by the rational part of the special values of L-functions and an arithmetic invariant defined in terms of the p-adic regulator. This conjecture was formulated by Perrin-Riou [30] in the case that X is smooth over O K . While there is still no precise formulation of such a general conjecture in the semistable case, we may expect a similar picture.
There are two construction of syntomic cohomology. One uses (log) crystalline cohomology, and another uses (log) rigid cohomology of the special fibre of X. We call them crystalline syntomic cohomology and rigid syntomic cohomology respectively. Crystalline syntomic cohomology was originally introduced by Fontaine and Messing [13] , and generalized by Kato [23] , Nekovář and Nizioł [28] to the logarithmic case. Déglise and Nizioł [10] proved that Nekovář-Nizioł's crystalline syntomic cohomology can be regarded as absolute p-adic Hodge cohomology if the twist r is non-negative. Rigid syntomic cohomology was constructed by Besser [6] for smooth schemes over O K , and further developed by Bannai [1] , as well as Chiarellotto, Ciccioni, and Mazzari [9] as an absolute p-adic Hodge cohomology.
An advantage of rigid syntomic cohomology is that it is purely p-adically analytic. Thus it is useful for computations of p-adic regulators, and should relate directly with p-adic L-functions. Indeed, there are several results concerning the p-adic Beilinson conjecture which use rigid syntomic cohomology [2, 5, 7, 29] .
A disadvantage of rigid syntomic cohomology is that the theory of log rigid cohomology often has technical difficulties, since it depends a priori on the choice of local liftings. We address this point in this paper and even construct canonical log rigid complexes analogous to Besser's canonical rigid complexes introduced in [6] .
Moreover, the rigid Hyodo-Kato map depends on the choice of a uniformiser of O K , unlike Beilinson's crystalline Hyodo-Kato map, which was used by Nekovář and Nizioł. Hence their crystalline syntomic cohomology does not depend on such a choice, and moreover extends to a very sophisticated theory for any varieties over K. We remark that the constructions of the crystalline and the rigid Hyodo-Kato map are based on very different techniques. Hence their comparison does not automatically follow from the construction, whereas the comparison of Frobenius and monodromy operator are more straight forward.
Overview of the paper
In Section 1 we construct the rigid Hyodo-Kato complex for strictly semistable log schemes with boundary and log rigid complexes for fine log schemes and log schemes with boundary. In particular, we construct canonical complexes (not only in the derived category) for embeddable objects, in order to clarify the definition of these complexes for simplicial objects and prove important functoriality properties. The notion of log schemes with boundary was introduced in [15] to express compactifications in the sense of log geometry. Although the use of strictly semistable log schemes with boundary makes the construction more involved due to combinatorial difficulties, it pays of as it allows us to compare log rigid and log crystalline cohomology in the appropriate cases.
As mentioned above, in the construction of log rigid cohomology [18] there is usually a choice of local liftings involved. Thus we start in § 1.1 with some technical points which allow us to glue in a canonical way. In § 1.2 we introduce rigid Hyodo-Kato complexes mimicking a construction due to Kim and Hain [24] . This has the advantage that it has Frobenius and monodromy operator and cup product. In § 1. 4 we study how the complexes we constructed previously relate to each other and give a construction of Frobenius endomorphism on log rigid complexes via base change.
In Section 2 we look at the additional structure of the complexes constructed in Section 1 which is indispensable for the construction of syntomic cohomology. More precisely, we give in § 2.1 a rigid analytic construction of Hyodo-Kato morphism for log rigid cohomology. This is a generalization of Große-Klönne's construction in [18] to log schemes with boundary. We use a combinatorial modification of his construction to show the functoriality of the rigid Hyodo-Kato map. In § 2.2 we show that the Frobenius on the rigid Hyodo-Kato complex induced by local lifts and the one on the log rigid complexes induced by base change are compatible. Section 3 focuses on syntomic cohomology. We review crystalline syntomic cohomology in § 3.1 and include some basic constructions on crystalline cohomology. In § 3.2 we finally give a definition of rigid syntomic cohomology for strictly semistable log schemes including a cup product on cohomology groups. Section 4 is reserved for the comparison of the crystalline syntomic and the rigid syntomic cohomology in the compactifiable case. An essential point is the comparison between log rigid and log crystalline cohomology which is carried out in § 4.1. The comparison of Frobenius, monodromy and Hyodo-Kato morphisms in § 4.2 finally implies the compatibility of the rigid syntomic and the crystalline syntomic cohomology. It follows immediately from the constructions that the cup products on both are compatible.
Notation and conventions
Let O K be a complete discrete valuation ring of mixed characteristic (0, p), with fraction field K, perfect residue field k and maximal ideal m K . Let π be a uniformiser of O K . As usual, denote by K an algebraic closure of K and by O K the integral closure of O K in K. Let O F = W (k) be the ring of Witt vectors of k, and F the fraction field of O F , and F nr its maximal unramified extension. Let e be the absolute ramification index of K and denote by G K = Gal(K/K) the absolute Galois group of K. Let σ be the canonical Frobenius on O F .
Since our construction is based on Große-Klönne's work, weak formal log schemes and dagger spaces will play a crucial part. For an O F -algebra A, we denote by A the p-adic completion of A. The weak completion of A is the O F -subalgebra A † of A consisting of power series (a1,...,an)∈N n a i1,...,in x i1 1 · · · x in n for x 1 , . . . , x n ∈ A, where a I ∈ O F , such that there exists a constant c > 0 which satisfies the MonskyWhashnitzer condition c(ord p (a i1,...,in ) + 1) ≥ i 1 + · · · + i n for any (i 1 , . . . , i n ) ∈ N n . For further details, we refer to [27] and [33] for weakly complete algebras, [26] for weak formal schemes, [14] and [25] for dagger spaces.
We will use a shorthand for certain homotopy limits. Namely, if f : C → C ′ is a map in the derived dg-category of abelian groups, we set . Denote by C + F (ϕ, N ) the category of bounded below complexes of (ϕ, N )-modules over F . This means, an object in C + F (ϕ, N ) is a bounded below complex over F with a σ-semilinear endomorphism ϕ and an F -linear endomorphism N , such that N ϕ = pϕN . Denote by D + F (ϕ, N ) the derived dg-category of C + (ϕ, N ). We assume all schemes to be of finite type. For a scheme X/O K denote by X n for n ∈ N its reduction modulo p n and let X 0 be its special fibre, whereas X K is the generic fibre. We will use log structures extensively. We consider all log structures on log schemes as given by a sheaf of monoids with respect to the Zariski topology. Thus if we say that a log scheme X is fine, it means that Zariski locally X has a chart given by a fine monoid. Note that giving a fine log scheme in our context is equivalent to giving a fine log scheme in the usual sense which is of Zariski type ([32, Cor. 1.1.11]). For a log scheme or a weak formal log scheme X, we often denote its underlying scheme by X again, and its log structure by N X .
Let T, be the weak formal log scheme Spwf O F [t] † with the log structure associated to the map
† , 1 → t, and T the reduction of T mod p with the induced log structure. We denote by O 0 F (resp. k 0 ) the exact closed weak formal log subscheme of T (resp. T ) defined by t = 0, and by O . This induces a unique Frobenius on T which we denote by abuse of notation again by σ. We denote by O ∅ F the schemes Spec O F with the trivial log structure. For a weak formal log scheme X over O F , we denote by X the p-adic completion of X, which is a formal log scheme over O F .
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Logarithmic rigid complexes
Große-Klönne showed that (non-logarithmic) rigid cohomology can be computed using certain spaces with overconvergent structure sheaf. This makes the construction of rigid cohomology simpler. Moreover this is essentially needed in [17] to construct the rigid Hyodo-Kato morphism. He showed that this construction can also be carried out for log schemes.
In this section we will recall several different versions of log rigid complexes as introduced by by Große-Klönne in [17] . We use his insight to construct canonical log rigid complexes similar to the rigid complexes Besser considers in the non-logarithmic situation [6] .
In the first subsection, we start with some technical preliminaries which will be needed in the subsequent sections to glue local constructions, and to prove functoriality even for simplicial case. In § 1.2 we construct a canonical complex for strictly semistable log schemes with boundary, which we call rigid Hyodo-Kato complex, based on a construction by Kim and Hain [24] . It allows for a very explicit definition of Frobenius and monodromy operator. In § 1.3 we define log rigid complexes for fine log schemes and fine log schemes with boundary. We compare these complexes and discuss base change properties in § 1.4.
Preliminaries
We start with some topological definitions and facts from [3] . This will be used to glue rigid complexes which are constructed locally. Definition 1.1 ([3, §2.1]). Let V be an essentially small site. A base for V is a pair (B, θ) of an essentially small category B and a faithful functor θ : B → V which satisfy the following property. For any V ∈ V and a finite family of pairs (B α , f α ) of B α ∈ B and f α : V → θ(B α ), there exists a set of objects B ′ β ∈ B and a covering family {θ(B
We define a covering sieve in B as a sieve whose image by θ is a covering family in V. The following notion will be used to define rigid complexes for simplicial objects. Definition 1.3. Let C q be a simplicial site. For any morphism α : [m] → [n] in the simplex category, let u α : C m → C n be the functor which induces the morphism of sites corresponding to α. The total site C tot q of C q is the site whose objects are pairs (n, U ), with n ∈ N and U ∈ C n , whose morphisms are pairs
in the simplex category and a morphism f : U → u α (V ) in C n , and whose coverings are families {(id, f ) : (n, U i ) → (n, U )} such that {U i → U } is a covering family in C n .
Next we recall and introduce some notions for log geometry. Definition 1.4. For a fine log scheme S, let LS S be the category of fine log schemes of finite type over S. For a fine weak formal log scheme S, let LS S be the category of fine weak formal log schemes over S. We regard LS S and LS S as sites for the Zariski topology. Namely a covering family of an object Y in LS S or LS S is a family of strict open immersions U h ֒→ Y with h U h = Y .
When we say immersion in the current context, we mean the following definition. Definition 1.5. A morphism f : X → Y of (weak formal) log schemes is an immersion if f can be factored as f = i • j by a closed immersion j : X ֒→ Z and a strict open immersion i : Z → Y . This is clearly equivalent to the condition that f is an immersion on the underlying schemes and f * N Y → N X is surjective. We say that an immersion f as above is strict if f * N Y → N X is an isomorphism. Let S be a fine log scheme over k, S a fine weak formal log scheme over O F , and S ֒→ S a closed immersion over Spwf O F .
Note that according to the proof of [22, Prop. 4.10 (1) ] an exactification of i exists if i admits a chart. In general an exactification of an immersion is not unique. However one can show that the tubular neighbourhoods on exactifications are canonically isomorphic to each other. Lemma 1.7. Let Y ֒→ Y be an immersion of a fine log scheme Y over S into a fine weak formal log scheme Y over S. Assume that there are exactifications
Moreover, if we let ω q Yi/S,Q for i = 1, 2 be the complexes of sheaves on Y i,Q given by tensoring the log de Rham complexes of Y i over S with Q, then there is a canonical isomorphism The above lemma implies that the tubes glue to give a canonical dagger space. Thus the following definition makes sense. (ii) In general, take an open covering {U h } h of Y and {U h } h of Y, such that i induces an immersion U h ֒→ U h which admits a chart for each h. and ω q Y/S,Q . We recall some basic definitions for log schemes with boundary. For more details see [15] . Let S be a fine log scheme over k, and S a fine weak formal log scheme over O F . 
is an isomorphism, and Z is schematically dense in Z. To simplify notations we often write (Z, Z) for i : Z ֒→ Z.
(ii) An S-log scheme with boundary is a log scheme with boundary (Z, Z) together with a morphism of log schemes Z → S. We define the notions of weak formal log schemes with boundary and weak formal S-log schemes with boundary in a similar manner. Definition 1.10. An S-log scheme with boundary (Z, Z) is fine (resp. of finite type) if Z and Z are fine (resp. of finite type over k).
We define the notion of fine weak formal S-log schemes with boundary in a similar manner. Definition 1.11. Let i : Z ֒→ Z be a fine S-log scheme with boundary. A chart for (Z, Z) is a triple consisting of a chart α : P Z → N Z for Z, a chart β : Q S → N S for S, and a homomorphism γ :
, where f : Z → S is the structure morphism, j + is the sheaf theoretic push forward, and the third map is given by [15, Lem. 1.3] .
If a chart β for S is fixed, we call the pair (α, γ) a chart for (Z, Z) extending β.
For the following, see also [15, Def. 2.1].
be a morphism of S-log schemes with boundary.
(i) We say that f is a boundary closed immersion (resp. boundary exact closed immersion) if Z → Z ′ is a closed immersion (resp. an exact closed immersion) of log schemes, and if for any open neighbourhood
(iii) We say that f is a boundary immersion if j can be factored as
(iv) We say that f is a first order thickening if Z → Z ′ is an exact closed immersion defined by a square zero ideal in O Z ′ .
be a boundary immersion of S-log schemes with boundary. An exactification of i is a factorisation i = f • ι by a boundary exact closed immersion ι : (Z, Z) ֒→ (Y, Y ) and a morphism f : (Y, Y ) → (Z ′ , Z ′ ) which is log étale as a morphism of log schemes Y → Z ′ . We define the notion of an exactification of a boundary immersion of weak formal S-log schemes with boundary in a similar manner. Definition 1.14. Let LS S be the category of fine S-log schemes with boundary of finite type. Let LS S be the category of fine weak formal S-log schemes with boundary. We regard LS S and LS S as sites for the Zariski topology. Namely, a covering family of an object (Z, Z) in LS S or LS S is a family of boundary strict open immersions (U h , U h ) ֒→ (Z, Z) with h U h = Z. 
The products in LS S are given in a similar way.
Next we recall smoothness of S-log schemes with boundary introduced in [15] . It is defined as the infinitesimal lifting property and another condition, which ensures that log rigid cohomology is independent of the choice of local lifts. 
(ii) For any boundary exact closed immersion i :
Note that if an S-log scheme with boundary (Z, Z) is smooth, then Z is log smooth over S. To show the functoriality of log rigid cohomology for a certain class of T -log schemes with boundary, we use a stronger condition of smoothness defined in terms of local charts. Definition 1.17. A weak formal T-log scheme with boundary (Z, Z) is strongly smooth if locally on Z there exist a chart (α : P Z → N Z , β : N → P gp ) of (Z, Z) extending c T and elements a, b ∈ P , satisfying the following conditions.
(i) β gp is injective, and its cokernel is p-torsion free.
(ii) β(1) = b − a. with the log structures defined by P ′ and P respectively. The above condition implies that there exists a Cartesian diagram
where the vertical arrows are strict and log smooth. Lemma 1.20. Let (Z, Z) be a strongly smooth T-log scheme with boundary, and f : Y → Z be a smooth morphism. Then the morphism Y := Y × Z Z ֒→ Y defines a weak formal T-log scheme with boundary, which is strongly smooth.
Proof. Locally on Z and Y, we can take a chart (α : P Z → N Z , β : N → P gp ) of (Z, Z) and elements a, b ∈ P as in Definition 1.17, and a chart (γ :
is injective with p-torsion free cokernel, and
is classically smooth (see also [22, Rem. 3.6] ). Let Q ′ be the submonoid of Q gp generated by Q and −δ(a).
Now we have a Cartesian diagram
in which the vertical arrows are strict and log smooth, and hence classically smooth. Thus Y ֒→ Y is log schematically dense, and defines a weak formal T-log scheme with boundary. Now one can easily see that
) and δ(a), δ(b) ∈ Q satisfy the desired conditions in Definition 1.17.
Lemma 1.21. For i = 1, 2, let (Z i , Z i ) be strongly smooth weak formal T-log schemes with boundary.
is also strongly smooth.
Proof. We may assume that there are charts (α i :
and elements a i , b i ∈ P i as in Definition 1.17. Let Q be the image of
and let c, d ∈ Q be the images of (a 1 , a 2 ), (b 1 , b 2 ) ∈ P 1 ⊕ P 2 respectively. Then by the construction of products in LS T we have a chart γ : This shows that (
is strongly smooth.
be a boundary immersion in LS T , and assume that (Z, Z ′ ) is strongly smooth. Then locally on Z ′ there exists an exactification
Proof. This follows immediately from Lemma 1.20.
As in the case of fine log schemes, we have the following. Lemma 1.23. Let S be a fine log scheme over k, S a fine weak formal log scheme over O F , and S ֒→ S a closed immersion over O F . Let (Z, Z) ֒→ (Z, Z) be a boundary immersion of a fine S-log scheme with boundary into a fine weak formal S-log scheme with boundary. Assume that there are two exac- 
Proof. We may assume that there exists an exactification Z ֒→ Z ′ → Z 1 × Z Z 2 of the diagonal embedding.
Then p i : Z ′ → Z i is smooth and strict on neighbourhoods of Z. Since shrinking does not change the tube, we may assume that p i is strict and smooth. If we set Z ′ := p 
be a boundary immersion of a fine T -log scheme with boundary into a strongly smooth weak formal T-log scheme with boundary. Since locally on Z there exist exactifications as in Lemma 1.22, we can define the complex of sheaves ω q
by the gluing procedure explained in Definition 1.8.
Rigid Hyodo-Kato complexes
In this section, we introduce canonical complexes which compute Große-Klönne's log rigid cohomology. This construction is at the moment only available in the case of strictly semistable log schemes with boundary. 
induced by β ′ is smooth, and makes the diagram
We denote the category of strictly semistable log schemes with boundary over k 
(ii) A strictly semistable weak formal log scheme with boundary over T is a weak formal T-log scheme with boundary (Z, Z), such that Zariski locally on Z there exists a chart (α : P Z → N Z , β : N → P gp ) extending c T of the following form:
for some integers m ≥ 1 and n ≥ 0, and β is given by the composition of the diagonal map N → N m and the canonical injection
In particular the structure morphism of Z extends to a morphism Z → T with a chart
• The morphism of weak formal schemes
is smooth, and makes the diagram
O O Cartesian. We denote by LS ss T the category of strictly semistable weak formal log schemes with boundary over T. • φ is a lift of the p-th power Frobenius on the reduction Z := Z × T T , compatible with σ on T, which sends the equations of all irreducible components of Y and D to their p-th powers up to units.
We denote by RQ HK the category of rigid Hyodo-Kato quadruples.
(ii) A rigid Hyodo-Kato datum for an object 
where the vertical arrows are smooth. By [12] implies that there exists a lift to the completionẐ of Z of the p-th power Frobenius on Z which is compatible with σ on T and which sends t i and s j to their p-th powers. Hence by [33, Cor. 2.4 .3] we obtain a lift φ of the Frobenius to Z of the same form. We endow Z with the log structure defined by the chart
. Let D be the closed weak formal subscheme of Z defined by s 1 · · · s n = 0, and let Z := Z \ D. Then (Z, Z) and φ give a rigid Hyodo-Kato datum for (Y, Y ).
F respectively. Note that in the first case we consider O F with the trivial log structure, while in the second case we consider the log structure associated to the map
Then there is a short exact sequence for k ≥ 0 with the relations +
and
The multiplication is given by
We define the Frobenius operator ϕ on ω q Y,Q
[u] by the Frobenius action on ω q Y,Q induced by φ and by
. We define the monodromy operator N on ω q
. Then clearly
for any sections η 1 and η 2 of ω q
Proof. The compatibility of this morphism with the differentials and the multiplications are straightforward. Note moreover, that as complex, ω q
[u] is given as the total complex of a double complex
, and horizontal differential ∂ 1 and vertical differential ∂ 2 defined by
By the short exact sequence (1.1), we see that the sequence
. This gives the lemma.
[u] does not have a weight filtration. By an analogous construction as in [24, p . 1270], we may also define a commutative dg-algebra with ϕ, N , and the weight filtration, which is quasi-isomorphic to ω q
Another possibility is to construct a complex of (ϕ, N )-modules via a Steenbrink double complex as in [17, §5] . It quasi-isomorphic to ω q Y,Q as well, and in addition has a weight filtration. However the wedge product is not well-defined on it.
where Gd an denotes the generalized Godement resolution for rigid analytic points (c.f.
induced by F is a quasi-isomorphism.
) respectively, which are quasi-isomorphic to each other by [17, Lem. 1.4].
Besser's idea of constructing canonical complexes is to take into account all possible available data in a certain situation. In his case this was what he called 'rigid data', whereas the equivalent in our case are rigid Hyodo-Kato data as described above. However, it is not possible to take limits naively. Instead one is lead to consider certain filtered index categories. We describe now the analogues of Besser's definitions in our setting.
To simplify notations we often denote elements of PQ HK (Y, Y ) by small roman letters like a, and the corresponding objects by (f
(ii) Let SET HK (Y, Y ) be the category whose objects are all finite subsets of PQ HK (Y, Y ) and whose morphisms are inclusions. . Clearly this is a filtered category.
In the following paragraphs, we explain how to define a rigid Hyodo-Kato datum
α , where Y α0 and Y
(a)
α are the irreducible components corresponding to α 0 and α respectively. We regard 
Moreover (Z A , Z A ) is independent of the choice of a 0 up to canonical isomorphism and functorial on A.
Proof. Since the construction is local, we may assume that there are commutative diagrams
whose horizontal arrows are smooth as in Definition 1.25. We denote the image in Y of the coordinates appearing on the right hand side of the above diagram again by the same letters. Since f
is a morphism of log schemes over T, the homomorphism
and t
and v (a)
, we obtain a smooth morphism
.
The embedding Z
Consequently we have a smooth morphism
. If there is another
The ideals of E
and s
for any a ∈ A, α ∈ Υ Y (a) , and β ∈ Υ D (a) . This implies that (Z A , Z A ) is independent of the choice of a 0 .
We continue to use the notation of the proof of Proposition 1.35. The Frobenius φ up to units. We endow Z A with the log structure associated to
For simplicity, we use the notation
, which we denote again by g
of rigid Hyodo-Kato quadruples.
Working locally, we assume without loss of generality that there is a commutative diagram
for any a ∈ B or a ∈ C. Let b 0 ∈ B and c 0 ∈ C with
. This implies that
With this in mind we can now show functoriality of rigid Hyodo-Kato complexes. We denote by g
where limits are taken over
Proof. The proposition can be shown in the same way as [6, Prop. 4.14]. The existence and uniqueness follows from the fact that the two vertical arrows in diagram (1.3) are isomorphisms (not just quasiisomorphisms). For two composable morphisms g :
where the limits are taken over
, commutes. Then the proposition follows from the fact that each of the maps in diagram (1.4) is isomorphic to the corresponding maps between log rigid complexes, that is, the diagrams Similarly to above, we often denote elements of this set by small roman letters like a, and the corresponding objects by
be the category whose objects are all finite subsets of
and whose morphisms are inclusions.
, i, φ) whose objects are all subsets which contain the element id ((Y,Y ),(Z,Z),i,φ) . Clearly this is a filtered category. 
Note the difference between the index set over which the limit is taken in Definition 1.36 and Definition 1.40 By a similar argument as in Proposition 1.38, we see that
One can see that the diagonal morphism
(1.5)
The forgetful map Π :
and hence a quasi-isomorphism ∆ *
. If we take the limit over the index set SET
(1.6)
One can easily verify that ∆ is functorial on RQ HK .
In conclusion, we obtained the following proposition. 
which are functorial on RQ HK . Here we regard RΓ Zar , which we denote again by C HK . We define the rigid Hyodo-Kato complex by
Since φ sends the equations of irreducible components of Y and D to their p-th powers up to units, Z U is stable under φ. We denote by i U : U ֒→ Z U and φ U : Z U → Z U the morphisms induced by i and φ.
) is a rigid Hyodo-Kato datum for (U, U ), and for any open subset
where all horizontal arrows are quasi-isomorphisms. By Čech descent for admissible coverings of dagger spaces, we see that the left vertical arrow is a quasi-isomorphism. Therefore the right vertical arrow is also a quasi-isomorphism, and this implies the proposition. 
hj be the complement in Z hj of the irreducible components of Y hj and D hj which correspond to elements in
) be the rigid Hyodo-Kato datum for (U h , U h ) associated to A h given by the construction after Definition 1.34. As a consequence we obtain a simplcial object
(1.7)
Logarithmic rigid complexes for fine log schemes
In this section we define log rigid complexes for more general log schemes than in the previous section which also behave well with respect to base change as we will see in the subsequent section. Assume that S ֒→ S is one of
which is smooth over S, and an immersion i :
Denote by RT S the category of log rigid triples on S over S.
(ii) A log rigid datum over S for an object Y in LS S is a pair (Y, i) such that (Y, Y, i) is a log rigid triple over S. A morphism of log rigid data is a morphism (id Y , F ) in RT S . Denote by RD S (Y ) the category of log rigid data over S for Y .
(iii) An object Y in LS S is S-embeddable if the category RD S (Y ) is non-empty. We denote by S-ELS S the full subcategory of LS S of S-embeddable objects.
Lemma 1.48. Let Y be an object in LS S which is affine and admits a (global) chart extending c S of the structure morphism Y → S. Then Y is S-embeddable.
Proof. Let O, O 0 , and A be the coordinate rings of S, S, and Y respectively, i.
. Denote by O the reduction of O modulo p. Assume that we have a chart (α : P Y → M Y , β : N → P ) of the structure morphism Y → S that extends c S . Let α ′ : P → A be the map induced by α and ǫ : N → O the map induced by c S :
and endow Y with the log structure associated to the map ρ :
where the map ξ is defined by
, and n ∈ N 
Proof. This is simply a reformulation of [17, Lem. 
(ii) Let (Y, Y, i) be a log rigid triple on S over S.
(a) Let PT S (Y, Y, i) be the set of all isomorphism classes of morphisms of log rigid triples on S over S whose domain is (Y, Y, i). Similarly to above, we often denote elements of this set by small roman letters like a, and the corresponding objects by . We define the log rigid complex
As in [6, Prop. 4.14] or Proposition 1.38, one sees that the log rigid complexes (1.8) and (1.9) are functorial. Since we make a similar argument, we omit the proof here.
For
Hence after taking the limit we obtain a canonical quasi-isomorphism
Similar to the previous section, the forgetful map Π :
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in RD S (Y ). If we take the limit over SET 0 S (Y, Y, i), we obtain a quasi-isomorphism
To summarize we have the following statement.
Proposition 1.53. The log rigid complexes defined above define contravariant functors
where O Q is the coordinate ring of S tensored with Q, i.e.
is a log rigid triple on S over S, we have quasi-isomorphisms
which are functorial in RT S . 
It is an object in D
(ii) Let Y q be a simplicial object in LS S . The Zariski sites on the components form a simplicial site Y q ,Zar . The restriction of C S defines a sheaf on the total site Y tot q ,Zar , which we denote again by C S . We define the log rigid complex Y q by
It is an object in D + OQ . Proposition 1.55. Let Y be an object in S-ELS S . Then the natural morphism
is a quasi-isomorphism.
Proof. This follows from a similar argument as in Proposition 1.45.
We will now explain a similar construction of canonical log rigid complexes for locally embeddable log schemes with boundary. 
′ is a morphism in LS T , and
Denote by RT T the category of log rigid boundary triples on T over T.
(ii) A log rigid boundary datum over T for an object (Z, Z) in LS T is a pair ((Z, Z), i) such that ((Z, Z), (Z, Z), i) is a log rigid boundary triple. A morphism of log rigid boundary data is a morphism (id (Z,Z) , F ) in RT T . Denote by RD T (Z, Z) the category of log rigid boundary data over T for
Universität Regensburg Keio University (iii) We call an object (Z, Z) in LS T T-embeddable if the category RD T (Z, Z) is non-empty. An object (Z, Z) in LS T is locally T-embeddable if it can be covered by embeddable objects. We denote by T-ELS T (resp. T-LELS T ) the full subcategory of LS T of T-embeddable (resp. locally T-embeddable) objects.
Example 1.57. Let (Z, Z) be a T -log scheme with boundary. Assume that Z = Spec A is affine, and that there exist a chart (α : P Z → M Z , β : N → P gp ) extending c T and elements a, b ∈ P such that β(1) = b − a and Z = Spec A[
, and let ǫ : Q → B be the canonical injection. We define ρ : B → A by 
Obviously we have ker η gp = 0 and Coker
is a strongly smooth T-log scheme with boundary.
The following lemma is immediate from the definition of T-LELS T .
Lemma 1.58. The natural functor T-ELS T → T-LELS
T is a base with respect to the Zariski topology in the sense of Definition 1.14.
Definition 1.59. For a log rigid boundary triple ((Z, Z), (Z, Z), i) on T over T, we define the log rigid boundary complex by
where ω q
is as in Definition 1.24.
induces a quasi-isomorphism of log rigid boundary complexes
Proof. This follows similarly to [17, Lem. 1.4].
(a) Let PT T (Z, Z) be the set of all isomorphism classes of quadruples (f, (
in T-LELS T and a log rigid boundary datum
For simplicity, we often denote elements of PT T (Z, Z) by small roman letters like a, and the corresponding objects by (f
(b) Let SET T (Z, Z) be the category whose objects are all finite subsets of PT T (Z, Z) and whose morphisms are inclusions.
(c) Let SET 0 T (Z, Z) be the full subcategory of SET T (Z, Z) whose objects are all subsets which contain an element a with f (a) = id (Z,Z) . This is a filtered category.
is strongly smooth by Lemma 1.21. We define the log rigid complex
(ii) Let ((Z, Z), (Z, Z), i) be a log rigid boundary triple on T over T.
(a) Let PT T ((Z, Z), (Z, Z), i) be the set of all isomorphism classes of morphisms of log rigid boundary triples over T whose domain is ((Z, Z), (Z, Z), i). Again we often denote elements of this set by small roman letters like a, and the corresponding objects by . This is clearly a filtered category.
Again as in [6, Prop. 4.14] or Proposition 1.29 one can see that the log rigid complexes (1.10) and (1.11) are functorial.
On the one hand, the diagonal morphism
) defines a morphism of log rigid boundary data (Z, Z, i) → ((Z A , Z A ), i A ) and hence after taking the limit a canonical quasi-isomorphism
On the other hand, the forgetful map Π :
, we obtain a quasi-isomorphism
Proposition 1.62. The log rigid complexes defined above define contravariant functors
If ((Z, Z), (Z, Z), i) is a log rigid boundary triple on T over T, there are quasi-isomorphisms
which are functorial in RT T .
Universität Regensburg Keio University Definition 1.63. (i) Let C T be the sheafification of the presheaf Y → RΓ rig ((Z, Z)/T) on T-ELS T with respect to the Zariski topology. By Proposition 1.2 and Lemma 1.58, we may extend it to a sheaf on T-LELS T . For any object (Z, Z) in T-LELS T , we define the log rigid boundary complex by
It is an object in D + F . (ii) Let (Z q, Z q) be a simplicial object in T-LELS T . Then the Zariski sites of the components form a simplicial site (Z q, Z q) Zar . The restriction of C T defines a sheaf on the total site (Z q, Z q) tot Zar , which we denote again by C T . We define the log rigid boundary complex of(Z q, Z q) by
It is an object in D + F . Proposition 1.64. Let (Z, Z) be an object in T-ELS T . Then the natural morphism
Proof. This follows similarly as in Proposition 1.45.
To conclude this section, we introduce a variant of log rigid complex, where we will be able construct a canonical Frobenius endomorphism.
be the fine log scheme and fine weak formal log scheme with the log structures associated to the points x 1 = 0 and x 2 = 0. Take embeddings T ֒→ T and T ֒→ T defined by the equality t = 
T-LELS
♯ T → C + F , (Z, Z) → RΓ ♯ rig ((Z, Z)/T) T-ELS ♯ T → C + F , (Z, Z) → RΓ ♯ rig ((Z, Z)/T), RT ♯ T → C + F , ((Z, Z), (Z, Z), i) → RΓ ♯ rig ((Z, Z)/T) (Z,Z) , RT ♯ T → C + F , ((Z, Z), (Z, Z), i) → RΓ ♯ rig ((Z, Z)/T) (Z,Z) , If ((Z, Z), (Z, Z), i) is an object in RT ♯ T , there are quasi-isomorphisms RΓ ♯ rig ((Z, Z)/T) ∼ ← − RΓ ♯ rig ((Z, Z)/T) (Z,Z) ∼ − → RΓ ♯ rig ((Z, Z)/T) (Z,Z) , which are functorial in RT ♯ T . If (Z, Z) is an object in T-ELS ♯ T , there is a canonical quasi-isomorphism RΓ ♯ rig ((Z, Z)/T) ∼ − → RΓ ♯ rig ((Z, Z)/T).
Base change and comparison of rigid complexes
In this subsection we will show that there are canonical morphisms between the canonical rigid complexes RΓ 
Moreover they induce maps
and therefore maps 
which are functorial on ELS ss k 0 and RQ HK respectively, and make the diagram
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Proof. On the on hand, the natural projection Z A → Z (a) for A ∈ SET 0 HK (Y, Y ) and a ∈ A induces a morphism
On the other hand, we also have 
where the horizontal arrows are given by Proposition 1.45 and Proposition 1.55, commutes if (Y, Y ) is HK-embeddable.
Next we study the existence of base change maps
For (Z, Z, i) ∈ RT T there are canonical morphisms
Proposition 1.70. There exist canonical morphisms
which are functorial on LS T , T-ELS T and RT T respectively, such that for (Z, Z, i) ∈ RT T the diagram
becomes commutative. Here we regard log rigid complexes over O 0
Proof. The statement follows by similar arguments as Proposition 1.68 and Corollary 1.69. Note that for A ∈ SET 0 T (Z) we have diagonal morphisms
are defined in the obvious way.
We come to the existence of a canonical morphism
T, T )/T). The functors
Note that by Lemma 1.21 the functor
Proposition 1.71. There exist canonical morphisms in
which are functorial on T-LELS T , T-ELS T and RT T respectively, such that for
commutes.
Proof. The statement follows similarly as Proposition 1.68 and Corollary 1.69. Note that for A ∈
is defined in the obvious manner.
The next point is the existence of maps
. As before we obtain the following result. Proposition 1.72. There exist canonical morphisms
and RT

♯
T respectively, such that the diagrams
for ((Z, Z), (Z, Z), i) ∈ RT T , and
Here we regard log rigid complexes of Z over T as objects in
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Lastly, we explain the base change by Frobenius. Let S ֒→ S be one of
Base changes by σ define endofunctors on Proof. This follows from local computations. Without loss of generality, we assume that there is a chart (α : P Z → N Z , β : N → P gp ) for (Z, Z) and a, b ∈ P as in Definition . Then (T, T) is covered by (T, T) and (U, U), and hence (Z σ , Z σ ) is covered by
Let γ ε : Q ε,Uε → N Uε be the morphism induced by α and by , we see that the chart (γ ε , δ ε ) for (U ε , U ε ) with a ε , b ε ∈ Q ε satisfies the conditions in Definition 1.17.
. As before we have the following result. Proposition 1.74. There exist canonical morphisms
which are functorial on LS S , T-LELS 
be the relative Frobenius of Y over S. By functoriality we have a morphism in D 
is a quasi-isomorphism, we can define the Frobenius endomorphism ϕ on RΓ rig (Z, Z) as the composition
which is a morphism in D 
where
, and hence
(ii) There are equalities
Proof. The equality θ 0 • θ σ = θ σ • θ 0 follows from the commutativity of the diagram
where A, B, C, D run through the sets SET 0
respectively, and we set
This induces
The other equalities follow similarly.
Frobenius and Hyodo-Kato map
As we have mentioned before, the goal of this paper is twofold: in the case of a strictly semistable log scheme over O π K with a nice compactification, first to construct a log rigid syntomic cohomology theory, which lends itself to explicit computations, and second to compare this to the log crystalline syntomic cohomology theory of Nekovář-Nizioł. To accomplish this, we have constructed several canonical log rigid complexes.
• For a strictly semistable log scheme with boundary over k • For a fine log scheme of Zariski type and of finite type over T , i.e. Y ∈ LS T , the canonical log rigid complex RΓ rig (Y /T) in Definition 1.54.
• For a locally T-embeddable fine T -log scheme with boundary of finite type, i.e. (Z, Z) ∈ T-LELS T , the canonical log rigid complex RΓ rig ((Z, Z)/T) in Definition 1.63. In the situation of a strictly semistable log scheme with boundary (Y, Y ) over k 0 , we will see in § 2.1 how to construct an analogue of the Hyodo-Kato map in terms of a zigzag between
) via a canonical log rigid boundary complex RΓ rig ((V q, P q)/T) for a certain simplicial locally T-embeddable fine T -log scheme with boundary of finite type coming from Y (and Y respectively). The complex RΓ rig (Y /T) will turn out to be useful in the comparison of Große-Klönne's Hyodo-Kato map with the classical one on log crystalline cohomology.
Consequently we have on the complexes
F ) almost all the structure needed for the construction of a log rigid syntomic cohomology theory. However they unfortunately don't a priori have a monodromy operator. But we can pass to the rigid Hyodo-Kato complex for this.
We have seen, that the construction of the rigid Hyodo-Kato complex, locally needs strict immersions into weak formal log schemes over T, which behave like admissible lifts. This fact accounts for some of the technical difficulties that arise for the rigid Hyodo-Kato complex. Notably, its construction is much more subtle than the construction of the other canonical log rigid complexes. For example, for the rigid Hyodo-Kato complex we have to restrict ourselves to strictly semistable logs schemes with boundary and cannot yet extend it to general fine log schemes of finite type. It also lacks functoriality with respect to base change.
However, there are several good reasons to consider this complex. One is, that it not only provides at least locally an explicit representation of the log rigid complex for a strictly semi stable log scheme with boundary, but also of Frobenius and monodromy operator on it. The reason for this is that it takes advantage of the very concrete construction in [24] . The hope therefore is that it will be a helpful tool to carry out explicit computations for example in the case of a HK-embeddable strictly semistable log scheme with boundary.
In the last part of this section, we take another look at the Frobenius on the rigid Hyodo-Kato complex. While the way it is constructed is convenient for local computations on complexes, we show that it is on the level of cohomology compatible with one more suitable for the comparison with the crystalline Frobenius.
The rigid Hyodo-Kato map
We will now explain how to construct the rigid Hyodo-Kato map. This is based on the constructions in [17] , but modified so that it is functorial, and generalized to strictly semistable log schemes with boundary.
Let (Y, Y ) be an object in LS ss k 0 . We will construct a Hyodo-Kato map 
We regard V 
We consider V J as a log scheme over T by sending t to the image of
Now we define a simplicial log scheme M q and a simplicial T -log scheme with boundary (V q, P q) by
Jm(λ) ). 
Note that this does not extend to a morphism P q → P ′ q in general. The following lemma implies that the log rigid complexes of (V q, P q) given by Λ m (Υ Y ) and Λ m (Υ) are quasi-isomorphic to each other. Lemma 2.2. Let X be a Grothendieck topological space, {U j } j∈Υ an admissible open covering of X, and F q a complex of sheaves of abelian groups on X. For J ⊂ Υ we set U J := j∈Υ U j . Then for the simplicial space U q given by U m := λ∈ Λm(Υ) U Jm(λ) we have an isomorphism
Proof. We consider the set
Then for a sheaf F of abelian groups on X we obtain two types of Cech complexes C q (X, F) and C q (X, F) given by
which are morphisms of complexes and satisfy p • i = id. Moreover, by astraightforward calculation one can see that i • p and id are homotopic with a homotopy h defined as follows. Fix m ≥ 0 and an element λ ∈ Λ m (Υ), and take positive integers k 1 , . . . , k n satisfying J k1+...+kj−1 (λ) = · · · = J k1+···+kj −1 (λ) and J k1+···+kj −1 (λ) = J k1+···+kj (λ) for any j. Let r be the number of j's satisfying k j ≥ 2 if they exist, and otherwise we set r = 1. For 1 ≤ j ≤ n, we set
Then for an element
Hence we see that C q (X, F) and C q (X, F) are naturally quasi-isomorphic. This result and [18, Lem. 3.5] imply the statement.
Let (Y, Y ) be an object in LS ss k 0 , and M q and (V q, P q) the associated simplicial objects defined above. We denote the compositions
) by ξ 0 and ξ π respectively. If we repeat the constructions for (Y, Y ), we obtain simplicial objects M q, (V q, P q), and morphisms
Here, the morphisms (b) are quasi-isomorphisms by cohomological descent of admissible coverings of dagger spaces. Moreover ξ 0 and ξ π ⊗ 1 :
Lemma 2.3. Let (Y, Y ) be an object in LS ss k 0 , and let M q, M q, (V q, P q), and (V q, P q) be as above. The morphisms
2)
3)
are quasi-isomorphisms.
Proof. By taking an affine open covering of Y , we may assume that Y is affine and admits a global chart as in Definitin 1.25 (i). As in the proof of Lemma 1.28, one can take an exact closed immersion
be the exact closed log subscheme of Z whose underlying scheme is the special fibre
, we can apply [17, Lem. 4.4 ] to obtain that the morphisms
are quasi-isomorphisms. Hence we see that (2.2) is a quasi-isomorphism. The other quasi-isomorphisms can be proved similarly.
The commutativity of the diagram (2.1) implies the following statement.
Corollary 2.4. In the setting of Lemma 2.3, the morphisms
Let us point out that we did not have to assume that Y is proper to obtain the results in this corollary and the previous lemma. As a consequence, the lower horizontal arrow in (2.1) gives a morphism 
where κ is defined by
c is defined by
Here 1 
Let Q be the image of 
Then the chart (ξ, ζ) and a, b ∈ Q satisfy the conditions in Definition 1.17. Since we have boundary immersions (V
for any i, j ≥ 0. Thus we have an isomorphism between the spectral sequences
and this implies the lemma. It remains to prove the claim (2.5). For any subset I ⊂ J and
We will prove that Rπ 
: Z J,L,Q → Z J,{ℓ},Q are natural projections, and the third equality is given by the induction hypothesis. Now we also have Rπ 
Consequently, for a morphism
This gives the functoriality of the rigid Hyodo-Kato map and finishes the proof of Proposition 2.5.
Frobenius on the rigid Hyodo-Kato complex
Keeping in mind that we want to compare log rigid syntomic and log crystalline syntomic cohomology, we will now show that the locally explicit Frobenius action on the rigid Hyodo-Kato complex is on the level of cohomology given by base change and the relative Frobenius by functoriality.
Let ( 
Proof. As in Remark 1.46 we can take a simplicial object
We denote by ρ rig and ρ 
and accordingly the Frobenius ϕ on 
This shows the desired compatibility.
Syntomic cohomology
In this section we recall the definition of crystalline syntomic cohomology from [28] and give a new definition of rigid syntomic cohomology in the case of a strictly semistable log scheme with boundary. For this we use the canonical rigid complexes introduced in the previous section. Both of these cohomology theories can be understood in the context of p-adic Hodge complexes. We will not discuss this approach in this paper but refer the interested reader to the work of Bannai, Chiarellotto-Ciccioni-Mazzari, and Déglise-Nizioł in [1, 9, 10] .
Review of crystalline syntomic cohomology
In this section, we recall the definition of crystalline syntomic cohomology. As crystalline cohomology together with Frobenius, monodromy and Hyodo-Kato morphism is an essential part of the data, we start with a brief review thereof. We refer to [20] and [28, Sec. 3 .1] for more details.
Let O F t l be the divided power polynomial algebra generated by elements t l for l ∈ (m K /m 2 K ) \ 0 with the relation t al = [a]t l for a ∈ O * K . Let T P D be the p-adic completion of the subalgebra of O F t l generated by t l and t ie l i! . If we fix l and set t = t l it can be seen as an O F -subalgebra of F t . As before, we extend the Frobenius by setting σ(t l ) = t p l . By abuse of notation we denote by T P D also the scheme Spec T P D with the log structure generated by the t l 's. There are exact closed embeddings
]π, For a fine proper log smooth log scheme of Cartier type X over O π K we consider the log crystalline complexes
The latter one is often called the Hyodo-Kato complex. The Frobenius action ϕ on RΓ cr (X/T P D ) and RΓ cr HK (X) is given by the relative Frobenius and base change by σ, similarly to the rigid case described in Proposition 1.75, that is 
By taking the pull-back along i 0 we obtain
computes the crystalline Hyodo-Kato cohomology. The monodromy N is now the connecting homomorphism of the induced long exact sequence of cohomology complexes. One can now take the homotopy limit and invert p to obtain the desired map On the rational complex RΓ cr HK (X) Q one replaces the usual monodromy operator by the normalized one, that is e −1 N where e is the absolute ramification index of K, to make it compatible with base change. The morphisms of log schemes i 0 and i π induce morphisms on cohomology
The map RΓ cr (X/T P D ) → RΓ cr HK (X) from the above diagram has in the derived category a unique functorial O F -linear section s π : RΓ cr HK (X) Q → RΓ cr (X/T P D ) Q which commutes with the Frobenius. We set ι
Moreover, there exists a canonical quasi-isomorphism
where we endow X K with the pull-back log structure of X and the left hand side is the log de Rham cohomology of X K with the Hodge filtration given by the stupid filtration of the log de Rham complex. The composition in the derived category
Definition 3.1. Let X be a fine proper log smooth log scheme of Cartier type over O π K . For r 0 and a choice of uniformiser π, we define the crystalline syntomic cohomology as the homotopy limit
Note that we used the normalized monodromy operator here. Since γ is invertible in the derived category, there is in fact a quasi-isomorphism
In 
which is independent of the choice of a uniformiser. Since everything in sight now h-sheafifies well, we have by [28, Prop. 3.20] for a K-variety Z and r 0 the identification
where RΓ D dR (Z) is Deligne's de Rham cohomology [11] . To relate (3.4) and (3.5) consider an open embedding Z ֒→ X of a K-variety into a regular proper flat O K -scheme such that X \ Z is a normal crossing divisor and X 0 is reduced. The pair (Z, X) is an ss-pair over K in the sense of [3, 2.2] . We endow X with the log structure associated to the divisor X \ Z. The following lemma due to Nekovář and Nizioł is basically h-descent for syntomic cohomology. 
Rigid syntomic cohomology for strictly semistable schemes
We give a definition of rigid syntomic cohomology for strictly semistable log schemes with boundary over O π K as a homotopy limit analogous to [28] . By abuse of notation we denote by O • The morphism of schemes
A strictly semistable log scheme with boundary (X, X) over O π K is called proper if X is a proper scheme. This definition is independent of the choice of π.
A strictly semistable log scheme over O π K is a fine log scheme X over O K such that (X, X) is a strictly semistable log scheme with boundary over O 
of schemes is smooth.
We observe that a proper strictly semi-stable log scheme with boundary (X, X) over O π K gives on the one hand rise to a strictly semistable pair (Z, X) over K in the sense of Beilinson [3, 2.2] with Z = X K . Recall that this means that X is regular and proper over V , Z → X is a K-variety with dense image in X, the subset D := X \ Z is a divisor with normal crossings, the special fibre X 0 of X is reduced, and the irreducible components of the the special fibre are regular. On the other hand (X, X) gives also rise to a strictly semi-stable log scheme with boundary (Y, Y ) = (X 0 , X 0 ) over k 0 such that Y is proper. Let (X, X) be a strictly semistable log scheme over O 
Since we have the canonical quasi-isomorphisms
which by abuse of notation we denote again by ι rig π . We now have to link the log rigid cohomology RΓ rig (X 0 /O π K ) and the de Rham cohomology RΓ dR (X K ). Let w : X K,an → X K,Zar be the canonical morphism from the analytic to the Zariski site of X K . Furthermore, we denote by X an K the dagger space associated to X K . Finally, let X be a weak completion of X and u : X Q → X an K the canonical inclusion of its generic fibre into X an K . Note that (X 0 , X, i) with i : X 0 → X forms a log rigid triple over O π K as introduced in Definition 1.47. Similarly to [9, Prop. 4.9] we consider the diagram of sites
Universität Regensburg Keio University where P t an (X K ) denotes the discrete site of rigid points on X K,an , P t Zar (X K ) the discrete site of Zariski points of X K , and P t an+Zar (X K ) their direct sum in the category of sites. 
Note that u 1 , u 3 , and hence u 2 are exact and conservative (see [34, Sec. 4] for u 1 ). Therefore Gd an+Zar Ω q XK and Gd Zar Ω q XK both give a resolution of Ω q XK , and the second arrow in (3.9) is a quasi-isomorphism. Moreover by [16, §1.8 (b) ] the first arrow in (3.9) is also a quasi-isomorphism.
Furthermore, u :
Since we have
by Proposition 1.53 and it is well known that
, we can combine (3.9) and (3.10) to obtain a morphism
Note that the morphism (3.10) and hence sp is not a quasi-isomorphism in general.
Consequently we obtain a pair of morphisms in the derived category
where both ι rig π and sp are given by zigzags on the level of complexes as described above. For the definition of rigid syntomic cohomology as homotopy limit we use as in the crystalline case the normalized monodromy, that is we divide the monodromy coming from Definition 1.29 by the absolute ramification index e. Definition 3.4. Let (X, X) be a strictly semistable log scheme with boundary over O π K . For r 0 and a choice of uniformiser π the rigid syntomic cohomology of (X, X) is given by 
The class of H rig,i+j syn ((X, X), r + s, π) it represents is the cup product of η and η ′ and denoted by η ∪ η ′ . To conclude this section, we note that the rigid syntomic cohomology for X and (X, X) are isomorphic. 
Comparison in the compactifiable case
In this section we compare the syntomic cohomologies introduced in the previous section in the case of a strictly semistable log scheme which has a normal crossings compactification. Our main result is the following. Recall that the complexes in the theorem are given by the homotopy limits
Note that in this case Deligne's de Rham cohomology is computed by the compactification X K ֒→ X K , namely we have a natural filtered quasi-isomorphism RΓ D dR (X K ) ∼ = RΓ dR (X K ). The first step to link them is to obtain a canonical quasi-isomorphism between RΓ rig HK (X 0 , X 0 ) and RΓ cr HK (X) which is naturally compatible with Frobenius ϕ and the (normalized) monodromy N . The next step is to show that the crystalline and rigid Hyodo-Kato morphisms are compatible. In particular we need to show the compatibility of ι rig π and ι cr π . This is not obvious from the construction. However, it suffices to see the compatibility on Frobenius eigenspaces where it follows from formal arguments.
Logarithmic rigid and crystalline cohomology
In this section we compare for a strictly semistable log scheme with boundary over k 0 log rigid cohomology with log crystalline cohomology passing through Shiho's log convergent cohomology.
All constructions of rigid complexes in Section 1 can also be carried out for formal schemes and rigid spaces instead of weak formal schemes and dagger spaces. We call the resulting complexes convergent Hyodo-Kato complex and log convergent complex, and denote them by replacing the index rig by conv. This is a priori different from the log convergent cohomology in the sense of [32] , but by [32, Corollary2.3.9] we may identify them.
In particular we obtain functors . For a strictly semistable weak formal log scheme with boundary (Z, Z) ∈ LS ss T over T, we denote by Z ♭ the weak formal log scheme whose underlying weak formal scheme is Z and the log structure is associated to the simple normal crossing divisor Y := Z × T O 0 F . For any weak formal subscheme V of Z we denote by V ♭ the weak formal log scheme whose underlying weak formal scheme is V and whose log structure is the pull-back of the log structure of Z ♭ . Consider the log de Rham complex ω q The general case can be reduced to this by Remark 1.46 and we obtain ♭ is a strictly semistable log scheme over k 0 in the sense of [17] . Similar spectral sequences exist for log convergent cohomology. 
Compatibility of structures
We turn our attention to the structure given by Frobenius, monodromy and Hyodo-Kato morphism. . By [24, Lem. 6] and [24, Lem. 7] , the natural morphism W ω q
X0
[u] → W ω q
is a quasiisomorphism, compatible with Frobenius and monodromy. Hence W ω q
[u] also computes the crystalline Hyodo-Kato cohomology and its structures.
To compare this with the Frobenius and monodromy on the convergent Hyodo-Kato complex, we note that by Lemma 1.28 and Remark 1.46 (or rather their convergent analogue) we can choose an embedding system (U q, Z q) in the sense of [20, 2.18] for X 0 → Spec(O F [t], 1 → t) in the Zariski topology, whose completion gives a simplicial object ((U q, U q), (Z q, Z q), i q, φ q) in the category of convergent Hyodo-Kato quadruples defined analogously to RQ HK . Hence, without loss of generality we assume that (X 0 , X 0 ) is HK-embeddable. Let ((X 0 , X 0 ), (Z, Z), i, φ) be an appropriate convergent Hyodo-Kato quadruple.
By construction there is a morphism which is compatible with Frobenius and monodromy. It is in fact a quasi-isomorphism by the usual comparison between log convergent and log crystalline cohomology and this shows the claim.
Next we study the compatibility of the Hyodo-Kato morphisms. The functor between the log convergent and log crystalline site defined in [31, §5.3] together with the crystalline and convergent Poincaré Lemma induces a commutative diagram
sp ∼ h h P P P P P P P P P P P P In the case of rigid cohomology, the closed immersions of weak formal log schemes, Together with the canonical morphism RΓ rig ((V q, P q)/T) → RΓ rig (M q/T) they allow us to fit (4.5) and (2.1) into one diagram RΓ rig ((V q, P q)/T)
which obviously commutes since the all maps which point left are induced by t → 0 and all maps which point right are induced by t → π.
To see that ι rig π and ι cr π are compatible, we have to invert the morphism i * 0 in (3.3) . This is possible on Frobenius eigenspaces. To consider the Frobenius on RΓ rig ((V q, P q)/T), we need the following lemma.
Consequently, one can define the Frobenius endomorphism on RΓ rig ((V q, P q)/T) as at the end of § 1.4, which is compatible with the Frobenius on RΓ rig (M q/T) and hence with the Frobenius on RΓ rig (X 0 /T) and by Proposition 1.75 with the Frobenius on RΓ rig (X 0 /O 0 F ). Putting everything that we discussed together we obtain a commutative diagram
h h P P P P P P P P P P P P This shows as desired that the rigid and crystalline Hyodo-Kato morphisms are compatible on Frobenius eigenspaces.
As a consequence, we obtain a quasi-isomorphism between the diagrams which define RΓ rig syn ((X, X), r, π) and RΓ cr syn (X, r, π). Since our construction of the cup product on RΓ rig syn ((X 0 , X 0 ), r, π) follows the construction of [8, §2.4] , this quasi-isomorphism is compatible with cup products.
